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Comparability

Basic

• By territory

• By time

• By methodology

Additional

• By prices

• By coverage

• By measurement units



Stationarity

• Constant distribution

• i.e.

• Constant mean

• Constant variance

• etc…



Components of dynamics

• Trend

• Cycle

• Seasonality

• Residuals



Trend
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Раждания в градовете - среднодневно Тренд



Cycle
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Seasonality
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Autocorrelation

• Autocorrelation function (ACF)
𝑅𝑦𝑡,𝑦𝑡−𝑖

• Partial autocorrelation function (PACF)
𝑅𝑦𝑡,𝑦𝑡−𝑖|𝑦𝑡−𝑗 , 𝑗 < 𝑖



Main models

• Regression

• Autoregression

• Mixed models of regression and autoregression



Regression models

ො𝑦𝑡 = 𝑓(𝑡)

ො𝑦𝑡 = 𝑓(𝑡, 𝑥)



Autoregression models

ො𝑦𝑡 = 𝑓 𝑦𝑡−𝑖

ො𝑦𝑡 = 𝑓 𝑦𝑡−𝑖 , 𝑥𝑡−𝑗



Mixed models of regression and 
autoregression

ො𝑦𝑡 = 𝑓(𝑡, 𝑦𝑡−𝑖 , 𝑥𝑡−𝑗)



Feature engineering

























Approaches for estimation of coefficients

• Analytical
• Ordinary least squares (OLS)
• Maximum likelihood (ML)
• Bayesian

• Iterative…

• but…

• All of these are in fact optimization



Optimization



Validation

• Split sample validation
• Training set

• Test set

• Validation subset/method



Validation

• Validation with moving window



Overfitting

• Akaike information criterion (AIC)
𝐴𝐼𝐶 = 2𝑘 − 2. ln(𝐿)

• Bayesian information criterion 
(BIC) or Schwarz information 
criterion

𝐵𝐼𝐶 = 𝑘. 𝑙𝑛 𝑛 − 2. ln(𝐿)

𝐴𝐼𝐶/𝐵𝐼𝐶 = 𝑚𝑖𝑛



Forecasts

• Extrapolation/interpolation

• Analytical forecasts

• Target forecasts



Forecast horizon

• Short term, medium term, long term

• Depending of time series length



Confidence interval of forecast
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Evaluation of forecast

• Mean squared error (MSE)

𝑀𝑆𝐸 =
σ(𝑦 − ො𝑦)2

𝑛

• Root mean squared error (RMSE)

𝑅𝑀𝑆𝐸 = 𝑀𝑆𝐸 =
σ(𝑦 − ො𝑦)2

𝑛

• Mean absolute error (MAE)

𝑀𝐴𝐸 =
σ |𝑦 − ො𝑦|

𝑛



Bayesian estimation of model coefficients

𝑦𝑖 = 𝑓 𝑡𝑖 + 𝜀𝑖

𝑃 𝑎𝑘𝜎
2 𝐷𝐼 =

𝑃 𝐷 𝑎𝑘𝜎
2𝐼 𝑃 𝑎𝑘𝜎

2 𝐼

σ𝑙=1
𝑚 𝑃 𝐷 𝑎𝑙𝜎

2𝐼 𝑃 𝑎𝑙𝜎
2 𝐼

𝑃 𝑎𝑘𝜎
2 𝐼 = 𝑐𝑜𝑛𝑠𝑡

𝑃 𝑎𝑘𝜎
2 𝐷𝐼 =

𝑃 𝐷 𝑎𝑘𝜎
2𝐼 . 𝑐𝑜𝑛𝑠𝑡

σ𝑙=1
𝑚 𝑃 𝐷 𝑎𝑙𝜎

2𝐼 . 𝑐𝑜𝑛𝑠𝑡
=

𝑃 𝐷 𝑎𝑘𝜎
2𝐼

σ𝑙=1
𝑚 𝑃 𝐷 𝑎𝑙𝜎

2𝐼
∝ 𝑃 𝐷 𝑎𝑘𝜎

2𝐼

=ෑ

𝑖=1

𝑛
1

2𝜋𝜎2
𝑒
−
(𝜀𝑖−0)

2

2𝜎2 =
1

2𝜋𝜎2
𝑛 𝑒

−
σ𝑖=1
𝑛 𝜀𝑖

2

2𝜎2



Bayesian estimation of model coefficients

𝑃 𝑎𝑘𝜎
2 𝐷𝐼 = 𝑚𝑎𝑥 → 𝑃 𝐷 𝑎𝑘𝜎

2𝐼 = 𝑚𝑎𝑥

𝑑𝑃 𝐷 𝑎𝑘𝜎
2𝐼

𝑑𝑎𝑘
= 0

𝑑𝑃 𝐷 𝑎𝑘𝜎
2𝐼

𝑑𝜎2
= 0



𝑖=1

𝑛

𝑦𝑖
𝑑𝑓 𝑡𝑖
𝑑𝑎𝑘

=

𝑖=1

𝑛

𝑓 𝑡𝑖
𝑑𝑓 𝑡𝑖
𝑑𝑎𝑘

𝜎2 =
σ𝑖=1
𝑛 𝜀𝑖

2

𝑛



Bayesian estimation of model coefficients

𝑃 𝐷 𝑎𝑘𝜎
2𝐼 =

1

2𝜋𝜎2
𝑛 𝑒

−
σ𝑖=1
𝑛 𝜀𝑖

2

2𝜎2 =
1

2𝜋𝜎2
𝑛 𝑒

−
𝑛𝜎2

2𝜎2 =
1

2𝜋𝜎2
𝑛 𝑒

−
𝑛
2

=
1

2𝜋𝑒𝜎2
𝑛

𝐵𝐼𝐶 = 𝑚. 𝑙𝑛 𝑛 − 2. 𝑙𝑛
1

2𝜋𝑒𝜎2
𝑛 = 𝑚. 𝑙𝑛 𝑛 − 2. 𝑙𝑛 2𝜋𝑒𝜎2 −

𝑛
2

= 𝑚. 𝑙𝑛 𝑛 + 𝑛. 𝑙𝑛(2𝜋𝑒𝜎2)



Periodogram analysis

𝑓 𝑡 = 𝑎0 +

𝑗=1

∞

𝑎𝑗𝑐𝑜𝑠
2𝜋𝑗

𝑛
𝑡 + 𝑏𝑗𝑠𝑖𝑛

2𝜋𝑗

𝑛
𝑡

𝜔𝑗 =
2𝜋𝑗

𝑛
- frequency

𝑇𝑗 =
2𝜋

𝜔
=

𝑛

𝑗
- period

An Interactive Introduction to Fourier Transforms (jezzamon.com)

https://www.jezzamon.com/fourier/


Bayesian periodogram analysis

𝑓 𝑡 =

𝑗=1

∞

𝑎𝑗𝑐𝑜𝑠
2𝜋𝑡

𝑇𝑗
+ 𝑏𝑗𝑠𝑖𝑛

2𝜋𝑡

𝑇𝑗

𝑎. cos 𝑥 + 𝑏. sin 𝑥 =

𝑖=0

∞

−1 𝑖
𝑥2𝑖

2𝑖 !
𝑎 + 𝑏

𝑥

2𝑖 + 1

𝑎. 𝑐𝑜𝑠 𝑥 + 𝑏. 𝑠𝑖𝑛 𝑥 = 𝑎 + 𝑏𝑥 +

𝑖=1

∞

−1 𝑖
𝑥2𝑖

2𝑖 !
𝑎 + 𝑏

𝑥

2𝑖 + 1

𝑎. 𝑐𝑜𝑠 𝑥 + 𝑏. 𝑠𝑖𝑛 𝑥 = 𝑎 + 𝑏𝑥 −
𝑎

2
𝑥2 −

𝑏

6
𝑥3 +

𝑖=2

∞

−1 𝑖
𝑥2𝑖

2𝑖 !
𝑎 + 𝑏

𝑥

2𝑖 + 1



Approximation of linear function

хармонична функция линейна функция линейна функция линейна функция



Approximation of quadratic function

хармонична функция квадратна функция квадратна функция



Approximation of cubic function

хармонична функция кубична функция



Components of dynamics

• If 𝑇𝑗 > 𝑡𝑛 − 𝑡1 + 1 → 𝑇𝑟𝑒𝑛𝑑

• If 𝑇𝑗 <
2

3
𝑡𝑛 − 𝑡1 + 1 → 𝐶𝑦𝑐𝑙𝑒

• If
2

3
𝑡𝑛 − 𝑡1 + 1 < 𝑇𝑗 < 𝑡𝑛 − 𝑡1 + 1 →

𝐺𝑟𝑒𝑦 𝑧𝑜𝑛𝑒 (𝑖𝑛𝑠𝑢𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑑𝑎𝑡𝑎)

• If 𝑇𝑗 ≤ 12 𝑚𝑜𝑛𝑡ℎ𝑠 → 𝑆𝑒𝑎𝑠𝑜𝑛𝑎𝑙𝑖𝑡𝑦



Bayesian periodogram analysis

𝑓 𝑡𝑖 = 𝑎1𝑐𝑜𝑠
2𝜋𝑡𝑖
𝑇1

+𝑏1 𝑠𝑖𝑛
2𝜋𝑡𝑖
𝑇1

+ 𝑎2𝑐𝑜𝑠
2𝜋𝑡𝑖
𝑇2

+𝑏2 𝑠𝑖𝑛
2𝜋𝑡𝑖
𝑇2

𝑓 𝑡𝑖 =

𝑗=1

𝑤

𝐴1𝑗𝑠𝑖𝑛
2𝜋𝑡𝑖
𝑇1𝑗

+ 𝜑1𝑗 + 𝐴2𝑗𝑠𝑖𝑛
2𝜋𝑡𝑖
𝑇2𝑗

+ 𝜑2𝑗

𝑓 𝑡𝑖 =

𝑗=1

𝑤

𝐴1𝑗𝑠𝑖𝑛
2𝜋(𝑡𝑖−𝑡0,1𝑗)

𝑇1𝑗
+ 𝐴2𝑗𝑠𝑖𝑛

2𝜋(𝑡𝑖−𝑡0,2𝑗)

𝑇2𝑗



Confidence intervals of forecast

𝑃 መ𝑓𝑖 𝑓𝑖𝐼 =
𝐶 መ𝑓1

𝑓1𝐶 መ𝑓2

𝑓2 …𝐶 መ𝑓𝑚

𝑓𝑚

𝐶𝑁+𝑚−1
𝑁−𝑛

𝑁 = 𝑛 + 1
መ𝑓𝑘 = 𝑓𝑘 + 1

መ𝑓𝑖 = 𝑓𝑖; 𝑖 ≠ 𝑘

𝑃 መ𝑓𝑖 𝑓𝑖𝐼 =
𝐶𝑓1
𝑓1𝐶𝑓2

𝑓2 …𝐶𝑓𝑘+1
𝑓𝑘 …𝐶𝑓𝑚

𝑓𝑚

𝐶𝑛+1+𝑚−1
𝑛+1−𝑛 =

𝐶𝑓𝑘+1
𝑓𝑘

𝐶𝑛+𝑚
1 =

𝑓𝑘 + 1

𝑛 +𝑚



Confidence intervals of forecast

𝑓2 + 1

𝑛 + 3
= 𝑃

𝑓2 = 𝑃 𝑛 + 3 − 1

𝑓1,3 + 1

𝑛 + 3
=
1 − 𝑃

2

𝑓1,3 =
1 − 𝑃

2
𝑛 + 3 − 1



Confidence intervals of forecast

𝜀[𝑓1] ≤ 𝜀𝐿𝐿 ≤ 𝜀[𝑓1]+1
𝜀𝐿𝐿 = 𝜀[𝑓1] + 𝜀[𝑓1]+1 − 𝜀[𝑓1] 𝑓1 − [𝑓1]

𝑦𝑛+𝑖,𝐿𝐿 = 𝑓 𝑡𝑛+𝑖 + 𝜀𝐿𝐿

𝜀𝑛−[𝑓3] ≤ 𝜀𝑈𝐿 ≤ 𝜀𝑛−[𝑓3]+1
𝜀𝑈𝐿 = 𝜀𝑛−[𝑓3]+1 − 𝜀𝑛−[𝑓3]+1 − 𝜀𝑛−[𝑓3] 𝑓3 − [𝑓3]

𝑦𝑛+𝑖,𝑈𝐿 = 𝑓 𝑡𝑛+𝑖 + 𝜀𝑈𝐿
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